Abstract. We study the time evolution of bosonic systems where multiple driven bosonic modes of light interact with multiple mechanical resonators through arbitrary, time-dependent, optomechanical-like interactions. We find the analytical expression for the full time evolution of the system and compute the expectation value of relevant quantities of interest. Among the most interesting ones, we are able to compute the first-order quantum bipartite coherence between pairs of subsystems, and the analytical expression for the mixedness induced by the nonlinear interaction in the reduced state of the mechanical oscillators. This result can be used to characterise the nonlinear nature of the system.
Introduction
Physical systems with many constituents are typically difficult to investiagte in depth. Arguably, the most imposing challenge faced when studying such systems is the ability to obtain analytical insight into their dynamics, starting from fundamental equations of the theory that describes them. Classical and quantum many-body physics, statistical mechanics and thermodynamics have been developed to successfully tackle systems with large numbers of constituents. Approaches developed using tools and concepts from these areas of research rarely provide full analytical descriptions of the dynamics of complex systems, but are able to provide important coarsegrained information of key aspects of these systems. Regardless of the success of such approaches, a complete, analytical understanding of any system is highly desirable in order to explain existing features, and predict new ones.
In this work we study a quantum system composed of an arbitrary number of bosons, which we conveniently separate into field modes and mechanical oscillators. We assume that these two sets of bosonic modes interact through a nonlinear Hamiltonian, which can be used to model different physical implementations, such as Fabry-Pérot cavities with a moving-end mirror [1] , levitated nano-diamonds [2, 3] , membrane-in-the-middle configurations [4] and optomechanical crystals [5, 6] .
We employ techniques developed to decouple the time-evolution operator analytically [7, 8, 9] , and we provide a full analytical solution to the time evolution of the system. ‡ Our results applies to an arbitrary number of interacting systems with arbitrary time-dependent couplings, and is free from approximations of any kind. We employ the decoupling of the time-evolution operator to compute analytically the expectation value of physically interesting quantities, such as the average number of field-and resonator-excitations, and we compute the coherence that is induced between different bosonic modes. Furthermore, we are able to provide a full, analytical expression for the mixedness of the reduced state of any number of resonators, therefore contributing to the understanding of the nonlinear nature of the type of interaction considered here.
Finally, we apply our results to a simple cavity optomechanical scenario, where one cavity mode interacts with an arbitrary number of operators through a standard optomechanical Hamiltonian. Our analytical results simplify and provide us with an intuition of the quantum behavior of the resonators. In particular, we find a simple expression for the mixedness of the resonators which is always nonzero if the nonlinear coupling is present.
This work is organised as follows. In section 2 we introduce the necessary tools and the core Hamiltonian. In section 3 we decouple the time-evolution operator analytically. In section 4 we compute the time evolution of quantities of interest. In section 5 we specialise to specific initial states, which are of interest for modern and future applications. In section 6 we apply our techniques to a simple example, that of many resonators interacting with a single mode of the cavity. Finally, in section 7 we discuss the conclusions and outlook of this work.
where define the free HamiltonianĤ 0 readsĤ 0 := n ω c,nâ † nân + p ω m,pb † pbp . We have also defined the cavity mode frequencies ω c,n , the mechanical resonator frequencies ω m,p , the time dependent couplings λ
np (t) and the Hermitian operatorŝ
The operators defined in (2) can be cast in a more conventional form by noting that they are simply proportional to the quadrature operatorsx c,p ,p c,p of the cavity modes andx m,p ,p m,p of the mechanical resonators, i.e.,Â
∝p m,p . We will retain our convention because the decomposition in terms of creation and annihilation operators is more natural to this work.
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The Hamiltonian (1) can be conveniently written asĤ full =Ĥ NL +Ĥ Dr , where we have decided to introduce the following contributionŝ
This splitting is important in the rest of our work, as we will see later.
Separation of drive
Our choice of the separation of the Hamiltonian (1) into the contributions (3) proves extremely convenient for the study of the time evolution of the system. First of all we note that the time-evolution operatorÛ full (t) induced byĤ full has the following expressionÛ
We then manipulate the full expression (4) to obtain the equivalent expression
where we have definedÛ
. This separation facilitates our work in decoupling completely the time-evolution operator (4).
We proceed by noting that we can rearrange conveniently the contributing terms toĤ NL (t) asĤ
where we have introduced the multimode HamiltoniansĤ p for fixed resonator p aŝ
Finally, all of the HamiltoniansĤ p commute with each other, that is [Ĥ p ,Ĥ p ′ ] = 0 for all p, p ′ . This is a paramount property for the next step.
Tackling time evolution of bosonic systems
We are now ready to discuss the last tool necessary for our work. Given a set of N bosonic modes and an arbitrary, time dependent HamiltonianĤ(t), the unitary time-evolution operator readŝ
where ← T is the time ordering operator [8] . This expression simplifies dramatically when the HamiltonianĤ is time independent, in which case one simply hasÛ (t) = exp[− i Ĥ t]. However, we are interested in general time evolution. The solution to the formal expression (8) can be found by decoupling techniques [8] , as discussed below.
We note in passing that these techniques apply to any problem where the Lie algebra of the operators appearing in the Hamiltonian is closed, or has a particular structure. This is the case for the Lie algebra of the operators that appear in quadratic Hamiltonians, where there are N (2 N + 1) independent elements of the Lie algebra, when considering systems of N bosonic modes [8] . In this case, there are N (2 N + 1) independent quadratic hermitian operators, which we can denoteĜ n , that can be formed by arbitrary quadratic combinations of the creation and annihilation operators only (or, equivalently, of the quadrature operators) see [8] . For example,
, where the numbering and ordering of the generatorsĜ n is a matter of convenience. In these cases, it is convenient to choose to apply these techniques to solve problems where the states are Gaussian because linear transformations preserve the Gaussian character of the state. This, in turn, allows one to employ the covariance matrix formalism to to compute any quantity of interest analytically [12] .
Decoupling the time evolution of the system
In this section we will employ the techniques developed in [7, 8] to decouple the timeevolution operatorÛ NL induced the HamiltonianĤ NL in (3). This will allow us to subsequently compute an explicit form of the time-evolution operatorÛ full . More details can be found in Appendix A.
Choice of core Hamiltonian
The first step is to employ the fact that [Ĥ p ,Ĥ p ′ ] = 0 for all p, p ′ . This stimulates us to look at an individual HamiltonianĤ p and we therefore drop the label p for this first part of the work. This leaves us the Hamiltonian
where we have re-defined the operatorŝ
The Hamiltonian (9) is the Hamiltonian we will be studying in detail in this work.
It is an extension of the standard optomechanical Hamiltonian which, in its simplest form, is obtained from (9) by setting g n (t) = λ (±) (t) = 0 and considering only one cavity mode [11] . We will then use the results for this Hamiltonian to obtain the final result for the initial Hamiltonian.
Decoupling algebra of the nonlinear Hamiltonian
Decoupling of the Hamiltonian (9) requires considering the (formally infinitedimensional) Lie algebra generated by the following set of Hermitian basis operatorŝ
for all n, m ∈ N. This allows us to find the following formal solution to the decoupling problem
nm FnmNnm e
where the time dependent, real functions F depend on the coefficients of the Hamiltonian (9), and are related to these coefficients through coupled, nonlinear, first-order, ordinary differential equations [8] . Notice that any change of the ordering of the operators in (12) will only change these differential equations and therefore the functional form of the F -functions. This does not have an effect on the expectation value of any measurable quantity.
Solution to core differential equations
Here we present the results of the decoupling of the Hamiltonian (9). The full calculations can be found in Appendix A. The techniques developed for the decoupling of time-evolution operator U NL (t) lead to the differential equations (A.5), which have an analytical solution. After some algebra we find
n s(t ′′ )
where we have defined s(t) := sin(ω m t) and c(t) := cos(ω m t) for convenience of presentation.
This result is remarkable. Notwithstanding the fact that the Lie algebra is infinitedimensional, and given an explicit expression for the time dependent couplings λ ± and g
n , it is possible to obtain the full expression of the time evolution through (13).
Full nonlinear decoupled solution without drive
We have decoupled analytically the time-evolution operator induced by the HamiltonianĤ. Our result has been obtaining the analytical expressions (13) . We recall that the HamiltonianĤ was extracted from (6) for each resonator modeb p . We can reconstruct the decoupled time-evolution operatorÛ NL induced byĤ NL by noting again that [Ĥ p ,Ĥ p ′ ] = 0. We therefore havê
where the updated functions read
Above we have defined s p (t) := sin(ω m,p t) and c p (t) := cos(ω m,p t) for convenience of presentation. Again, we would like to stress that this result is remarkable. It is a consequence of the structure of the full algebra, which allows for the use of many "tricks" to our advantage [7, 8] .
Time evolution of quantities of interest
The decoupling achieved above allows us to obtain great analytical control on the time evolution of the system and is one of our main results. Here we employ this control to find the time evolution of different quantities of interest. We divide our analysis into two main parts. The first, where the linear drive of the modes is switched off (i.e., ξ (±) p = 0). This allows us two obtain analytical results in full detail. The second, Time evolution of coupled multimode and multiresonator optomechanical systems 8 where the drive is switched on. In that case, which we discuss briefly, we will see that analytical results are unfortunately beyond reach.
Time evolution of quantities of interest: no external drive
We start by considering the drive to be switched off, i.e., ξ (±) p = 0. This is equivalent to studying an ideal cavity setup where the field is first fed in and then trapped inside (and does not leak, since we are not considering a master equation for the system). The Hamiltonian that describes the system is thenĤ NL and the induced time-evolution operator isÛ NL . From now on, until specified otherwise, time evolution will imply the use ofÛ NL .
Mode operators
We start by computing the time evolution of the mode operatorsâ k andb k , through which one can compute the time evolution of all operators of interest. Their time dependence is induced by the nonlinear HamiltonianĤ NL and is obtained through the standard Heisenberg equation asâ k (t) :=Û † NLâ kÛNL and b k (t) :=Û † NLb kÛNL respectively. After some algebra we find
where we have defined
Final reduced state of the resonators
We continue by computing the final reduced stateρ m of the mechanical resonators. The reduced state is defined bŷ ρ m := Tr Phot (ρ NL (t)), that is, by tracing over all of the cavity modes.
In Appendix C we provide all of the detailed computations for this part. We assume that the initial stateρ c (0) of the cavity modes is separable from the initial stateρ m (0) of the mechanical modes. This implies that the full initial state iŝ ρ 0 =ρ c (0) ⊗ρ m (0). It is not difficult to show that the reduced stateρ m (t) at time t has the formρ
where we have introduced {n k } k∈I := n1,n2,...,nN for N modes that belong to the set of all possible combinations of excitations I, while k∈I J k := J 1 + J 2 + ... + J N for Time evolution of coupled multimode and multiresonator optomechanical systems 9 any k-dependent quantities J k . We have also introduced
Note that we have Tr(ρ m (t)) = {n k } k∈I p {n k } = 1 as expected.
Mode population
The time evolution of the modes allows us to immediately compute the operators that "count" the number of excitations, namelyâ †
The number operatorâ † k (t)â k (t) of each field mode is a conserved quantity when the drive is switched off, as can be immediately seen from the Hamiltonian (3). However, the number operatorsb † k (t)b k (t) of the resonators are not, and they depend on the nonlinear coupling through the functions F (k) and F (k)
n . We note here that, if the nonlinear couplings are small, i.e., they are proportional to ǫ ≪ 1, we have that
Therefore, the last term contributing to the number operatorb † k (t)b k (t) in (19) is a negligible contribution in this regime. When this occurs, it is easy to check that the result is equivalent to what would be obtained through first-order perturbation theory, as expected. In this sense, the impact of our techniques can already be seen here: the operators (19) are exact and contain an evident signature of the full nonlinear character of the system. 4.1.4. First-order bipartite quantum coherence Given two modes m and n, we call the correlation d † mdn the (first-order) bipartite coherence, sometimes denoted by G (1) mn in optics [13, 14] . This definition applies in general to any state. This measures corresponds to a simple interferometric setup, where we collect the photons in the modes m and n, add a phase difference between their paths, and let them interfere.
We will witness the formation of an interference pattern only if the quantity d † mdn is non-zero. This quantity can be normalized by the power in each mode, and in this case we recover the standard definition of first-order amplitude correlation function g (1) mn from quantum optics applied to modes m and n, namely
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It is not difficult to employ our results and compute g (1) mn both for pairs of cavity modeŝ a k andâ k ′ , for pairs of resonator modesb k andb k ′ , or for pairs of cavity and resonator modesâ k andb k ′ .
The results can be obtained analytically but are not illuminating and we omit to print the general formulas. Instead, we will give a few explicit results later on, when we look at simple applications of our general results. 4.1.5. Mixedness and linear entropy Any pure stateρ satisfiesρ 2 =ρ. Since Tr(ρ) = 1 this implies that Tr(ρ 2 ) = 1. A measure of the mixedness of a state is the linear entropy S N , defined as S N = 1 − Tr(ρ 2 ) and vanishes for pure states [15] . § The time evolution of the system induces coherence between the photonic part and the mechanical part, which we can quantify using the linear entropy S N applies to the reduced stateρ m (t) found above (17) .
In our case we have
where it is easy to check that
with
k . The exact expression of the phase e i θ ′ is irrelevant since it clearly cancels out in (21).
We know that when all the nonlinear couplings vanish, i.e., g 
Time evolution of the driven, multimode, multiresonator systems
We would like to extend the results obtained above to tackle the full time evolution U full in (4) induced byĤ full . Since [Ĥ p ,Ĥ p ′ ] = 0, we can obtain
(23) § We note that, contrary to the case of finite-dimensional systems with dimension d, where the state ρ with maximal mixedness S N = 1/d is the diagonal state with uniform eigenvalues λ = 1/d, i.e., ρ = n λ|n n| for an complete orthonormal basis |n , the case of infinite dimensional systems is more subtle. Clearly, there cannot exist a diagonal state with uniform eigenvalues λ = 1/d, since d is infinite. However, one could have diagonal states with finite amount of uniform, non-zero eigenvalues λ = 1/k, were k can be arbitrary. In this case, one would still have S N = 1/k, which can be made arbitrarily small by increasing k.
Here we have defined ξ n := ξ
n . Unfortunately, we cannot proceed any further with simplifications of (23). The explicit expression in the time-ordered exponential leads to a time ordered exponential of exponential operators, which cannot be treated with the tools described here. We leave it to further work to study this case in more detail.
Choice of initial state: coherent state of the cavity modes and thermal state of the mechanical modes
Here we apply our results to a more concrete setup. We assume that there are a limited amount of modes k ∈ I that are initially in a coherent state |µ k with parameter µ k and defined byâ k |µ k = µ k |µ k , while the cavity modes s / ∈ I are each in their respective vacuum state |0 s .
We also assume that the mechanical modesb p are initially in a thermal statê . This is the standard initial setup in most applications, such as those with mechanical oscillators [16] and with levitated nano-objects [17] . Note that the set I might include any number N of modes with N ≥ 1. More importantly, note that N i,p ≡ sinh 2 (r p ) is the initial population of thermal mechanical phonons.
The initial state of the systemρ 0 is then separable in the mode/resonator bipartition, and has the expression
We already argued that the evolution driven by the HamiltonianĤ full cannot be treated analytically here. For the remainder of this work, we will consider evolution through the undriven HamiltonianĤ NL .
Final reduced state of the mechanical resonators
The final reduced stateρ m (t) of the mechanical modes has been computed for the general case and reads (17) . In the specific case we are studying here, we have to use
2 and we will obtain the final expression. This expression is cumbersome and we avoid printing it here.
First-order bipartite coherence
In this case, we can provide some explicit formulas given that we have specified the initial state of the system. We use the expression (20) and we provide expressions for the nominator and denominator separately.
The temperatures can be lowered to values that allow to reduce the number N i,p of initial thermal phonons to N i,p ∼ 0.34, in the case of mechanical oscillators [16] . In the case of levitated nano-objects [17] , one can reach temperatures that give rise to an average population of N i,p ∼ 60.
To compute the first-order coherence between two resonatorsb k andb k ′ or a cavity modeâ k and resonatorb k ′ we need the following on-diagonal expressions
and off-diagonal expressions
These expressions have been computed using the quantities in Appendix B. To obtain the expressions (25) and (26) we faced no conceptual hurdles but only lengthy algebra. We do not provide all the steps of the computations here for the sake of clarity of presentation.
Mixedness of the final reduced state of the mechanical resonators
Given our chosen initial state, and the final reduced state of the mechanical resonators, we can compute the mixedness induced by the nonlinear evolutionÛ NL . This can be obtained by first computing
. This result is obtained in Appendix D and yields the surprisingly simple and compact expression
where we have introduced ∆ (p)
for simplicity of notation.
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Therefore, we have that the linear entropy for finite temperature has a simple and analytical formula, which reads
.
We can now look at the contribution when the nonlinearity is switched off, i.e., ∆ (p) {k∈I} = 0. This implies that (28) yields the mixedness S in N of the initial state, which simply reads
This allows us to express the full mixedness (28) as
This is our main result. The zero temperature T = 0 case is simply obtained by setting r p = 0 for all p. When the temperature becomes increasingly high, it tends to inhibit the generation of mixedness, i.e., correlations between the two systems. This is in line with previous results that studied the competition between initial mixedness (due to temperature) and the coherent generation of excitations [18] .
It is now clear from (30) that the last fraction in the expression is the direct and full contribution of the nonlinearity to the mixedness, since it vanishes (together with the whole expression) for vanishing nonlinear coupling.
Applications to optomechanics
Now that we have obtained our general techniques and results, we can apply them to simple scenarios. In particular, we focus on Hamiltonians that resemble more closely that of a standard closed optomechanical system without external drive (i.e., we still consider the evolution through the nonlinear unitary operatorÛ NL (t)).
We will assume that λ
Applications to optomechanics: single mode & multi-resonator cavity
We specialise to standard optomechanical scenarios with one cavity modeâk and an arbitrary number of mechanical resonatorsb p . This means that the set I = {k}, which has one element.
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The first quantities we can compute are the mode operators. We find
We can also compute the first-order bipartite quantum coherence (20) for the field mode and an oscillator which reads
and for two oscillators, which gives us
Above, we have defined the angle φk :=
). Note that, for zero temperature we have r p = 0 for all p, and the expressions (32) and (33) simplify and reduce to
and g (1) pp ′ (t) = 1. This means that, while the mode of light and any resonator mode are coherent with a strength that depends on the parameters of the problem, any pair of resonators is perfectly coherent at zero temperature. We also note that, in this regime, the light and resonator coherence decreases exponentially with |µk|, unless φk = 0. In the limit |µk| → ∞ we have that g
= 0 only at the times t n such that φk(t n ) = 0 and vanishes for all other times. This implies that, to be able to verify the coherence between light and a single resonator it is necessary to reduce the number of photons in the coherent state as much as possible.
For finite temperature the issue becomes more delicate. It is clear from (32) and (33) that an increase in temperature (i.e., an increas in r p for all p) implies that it is more difficult to establish the desired coherence. Therefore, reducing the temperature to levels where the initial phononic population sinh 2 r p fore each resonator becomes small is paramount.
We can also compute the mixedness of the reduced state of the oscillators, which employs algebraic manipulations that can be found in Appendix D.1. Finally, we show that it reads
In this formula we have introduced the modified Bessel functions I n (z). Notice that, when F 
Conclusion
In this work we solved the time evolution of an arbitrary number of coupled bosonic modes interacting through a time-dependent optomechanical-like Hamiltonian. Despite of the system having potentially an arbitrarily large amount of constituents, and despite of the nonlinearity present in the interaction driven by a time-dependent coupling, we were able to analytically decouple the time-evolution operator using tools developed for this purpose [8, 9] . This result does not rely on any approximation and is therefore completely general: the only assumption made is that the Hamiltonian has the form (1). This occurs, in many systems, such as optomechanical cavities [11] .
We were able to compute the time evolution of meaningful operators, such as the average photonic and phononic excitation, the first-order quantum bipartite coherence and, more importantly, the mixedness of the reduced state of the mechanical oscillators. Our results allows us to study the coherence induced between the subsystems due to the nonlinear interaction of light and matter. Furthermore, they allow us to clearly quantify, using the linear entropy, the increase of mixedness of the subsystem of the resonators when the nonlinearity is switched on, as a function of time, the initial photonic population, and temperature inside the cavity. Given the lack of a systematic understanding of the nonlinear nature of the interaction, and the nonlinearity induced by the coupling, this analytical insight can help shedding light onto intrinsic nonlinear aspects of quantum (opto) mechanical systems. In the end, these insights can also help in the quest of demonstrating in the laboratory the quantum nature of "macroscopic objects", such as the mechanical resonators.
Finally, the decoupling obtained here can be applied to many situations of theoretical and practical interest. We leave it to future work to pursue such new directions.
In this section we provide some useful expression used in this work.
Let us start by the first, defined as I α := µ| exp[−i αâ †â ] |µ , whereâ|µ = α |µ . We have
Notice that the expression I
We continue by computing the expression
|n , where T := tanh r and C := cosh r. We have
which gives us the final, simple and compact result
and the Laguerre polynomial L n (z). We have used the fundamental
and the relation L n (z) = 1 F 1 (−n, 1; z). We have used the generating function for the Laguerre polynomial to be able to go to the last line of (B.3) from the second-to-last one. We are also interested inJ α := +∞ n=0 T 2n /C 2 n| exp[αâ † − α * â ]â |n . We can proceed as above and find a (z). Here as well, we have used the generating function for the generalised Laguerre polynomial to go to the last line of (B.5) from the second-to-last one.
Finally, we want to compute the followingL α := +∞ l,l ′ =0 T
2(l+l
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We once more proceed using similar techniques as above, skip some passages and find 
